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Outline

 Module 1: Robot’s Advanced Body

 Module 2: Robot’s Advanced Perception

 Module 3: Robot’s Advanced Planning

 Module 4: Robot’s Advanced Control
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About NTU
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Remember NTU’s Vision …

House of Talent

Hub of Global Impact
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Remember NTU’s Mission …

House of Talent

Builder

Hub of Global Impact
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Education is to help citizens to fulfill their missions on 

Earth, which include: to understand the world and to 

improve the world …
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Remember your mission as MAE 

undergraduates …

You are here to grow your knowledge 

and skills so as to be able to design 

machines with controllable behaviors 

and hopefully in some intelligent 

ways.
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How to fulfill your mission?
 To apply learnt knowledge and skills into the implementation of the following 

universal blueprint underlying all the intelligent machines or systems.

Systems

Under 

Control
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Control

Modules

Sensory

Modules

Planning

Modules
Digital
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User’s 

Instructions
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Perception
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Automation
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About Course
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Why to study this course?
 Toward Using Robot Power to Create Wealth …
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How to study this 

course?
 To put yourselves into the 

mindset of designers of robots 

as products:

 Who are the users?

 What are the needs of users?

 What are your robots which 

could meet the needs of your 

users or buyers?

 What are the solutions 

behind the design of your 

robots?

Market Demands or Needs

Product Specifications

Design Specifications

Conceptual Design

Selection of Materials/Components/Devices

Embodiment Design

Prototyping

Optimizing

Production

Marketing
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What to 

Learn?

Robotics
Intelligence

&

Motion

Robot’s

Advanced 

Perception

Perception of Photometry

Perception of 2D Geometry

Perception of 3D Geometry

Robot’s

Advanced 

Body 

Mechanical Systems

Control Systems

Programming Systems

Robot’s

Advanced

Control

Dynamics under Control

Control in Joint Space

Control in Task Space

Robot’s

Advanced

Planning

Task Planning

Action Planning

Motion Planning

Roadmap of Learning:

Q1: What is the energy 

flow?

Q2: What is the signal 

flow?

Q3: What is the 

knowledge flow?

Q4: What is the 

relationship between 

energy flow and signal 

flow?

Q5: What is the 

relationship between 

signal flow and 

knowledge flow?

1. One Machine

2. Two Capabilities

3. Three Benefits

4. Four Pillars

Key Take-aways

Key Take-aways

Key Take-aways

Key Take-aways

1

4

2

3
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Robot Control
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How to Apply?

Robot Intelligence

• Talking

• Seeing

• Reading

• Thinking

• Learning

Robot Body

How to program motions?

How to perform motions?

How to control motions?

How to simulate motions?

How to simulate motions?

Application

Domains
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Terminology Alert

 Advanced Robotics is about the study of advanced 

robots which could perform tasks in some intelligent 

ways.

 Advanced Robot is a machine which has 

 two capabilities (automatic control and autonomous 

control), 

 three benefits and 

 four pillars.
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Today’s Lectures …

 Module 1: Robot’s Advanced Body

 Module 2: Robot’s Advanced Perception

 Module 3: Robot’s Advanced Planning

 Module 4: Robot’s Advanced Control
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Robot’s Advanced Control

MA4825

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie

Module 4
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Outline of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Outline of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Design, Machine, Control, Intelligence

Dynamics under Control

MA4825 Robotics
Module 4

Lecture 1

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers
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Outline of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers
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Dynamics refers to relationship between motion and 

energy. Then, the questions will be:

 What are the details of input energies?

 What are the details of output energies?

Actuator
Speed 

Reducer

mm  )()(
k

k m
m


 

Sensor

Power

Amplifier

Controller

Actual

Motion

Desired

Motion

Power JointTorque JointLink Joint

MIMO

Robotic Joint

iaia iv ,, 
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Robot’s Dynamics Includes Three 

Relationships Between Motion and Energy …

 Motions are related to mechanical energy at link joints

 Motions are related to mechanical energy at torque joints

 Motions are related to electrical energy at power joints

Motion
Mechanical

Energy

(Link Joints)

Mechanical 

Energy

(Torque Joints)

Electrical

Energy 

(Power Joints)

Relationship 1

Relationship 2

Relationship 3
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Outline of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers
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What is the relationship between motion and 

mechanical energy at link joints?

 Motions are related to mechanical energy at link joints

 Motions are related to mechanical energy at torque joints

 Motions are related to electrical energy at power joints

Motion
Mechanical

Energy

(Link Joints)

Mechanical 

Energy

(Torque Joints)

Electrical

Energy 

(Power Joints)

Relationship 1

Relationship 2

Relationship 3
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Background Knowledge:

Newton’s Second Law

Net Force = Acting Force – External Forces - Gravity

Net Force = Mass of Rigid Body x Acceleration

Acceleration = First Order Derivative of Velocity

Velocity = First Order Derivative of Position
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Typical External Forces

 External force due to gravity (i.e. mg)

 External force due to interaction

 External force due to viscous friction

 External force due to angular motion

 External force due to radial motion
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External Force due to Constrained 

Motions
 When a robot’s tool-tip has an interaction force with a work-piece 

or an environment, there should be the additional torques applied 

to the robot’s joints in order to produce this interaction force.

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹



30(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

The vector of torques at robot′s link 
joints:

 𝜏 =
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The vector of robot′s link joint 
angles:
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External Force due to Viscous Friction

 When two objects in contact undergo relative motion, there is a 

frictional force which is proportional to the relative velocity. Such 

a force is called a viscous frictional force.

dt

dq
kFf =

Y

X
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External Force due to Angular Motion

 When an object undergoes angular motion about an axis, there is 

a centrifugal force which is proportional to the square of circular 

velocity at the object’s center of mass.
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External Force due to Radial Motion

 When an object undergoes a linear motion in a radial direction on 

a rotation base, there will be a Coriolis force acting on this object.



v
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Example of Robot Manipulator

 A SCARA robot has a vertical 

link which undergoes linear 

motion in vertical direction. 

Assume that the payload of 

the vertical link is M and that 

the input force from the 

torque joint coupled with a 

motor acting on vertical link 

is F. What is the relationship 

between the input force and 

the vertical position of 

vertical link? 

Y

X
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Solution

 Analysis: Y

X

k

q

F

M

 :link  theandjoint  ebetween tht coefficienfriction   viscousThe

 :linklast   theofposition   verticalThe

 :linklast  on the acting forceoutput  The

  :payload its andlink last   theof mass The
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Solution (continued)

 Free body diagram:

Acting Force

Gravitational Force

Frictional Force

Y

X
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Solution (continued)

 Equation:

Y

X

2

2

net

net

F             

:Law) Second s(Newton'motion  ofEquation 

F             

:link on the acting forceNet 

dt

qd
MgM

dt

dq
kF

gM
dt

dq
kF

=•−−=

•−−=

FgM
dt

dq
k

dt

qd
M =•++

2

2
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Example of Robot Arm at Rest (Statics)

 A robot arm has two links which can move within a vertical plan. 

Now, assume that we want to keep the arm at rest as shown in the 

figure. What should be the torques at joints 1 and 2?

Y

X

Z

),( 11 
),( 22 

),( 11 ml

),( 22 ml

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹
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Solution

 Torque at joint 2 when link 1 is horizontal:

Y

X

Z

),( 11 
),( 22 

),( 11 ml

),( 22 ml

01 =

)cos(
2

               

have  we,0 If

2
2

22

1





l
gm =

=

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹
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Solution (continued)

 Torque at joint 2 when link 1 is not horizontal:

1
21  +

01 

If 𝜃1 ≠ 0, the torque at joint 2 should be:
 

 𝜏2 = 𝑚1𝑔 × 0 +𝑚2 𝑔 ×
𝑙2

2
cos( 𝜃2 + 𝜃1)

𝐹 =
𝑚1𝑔
𝑚2𝑔𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹
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Solution (continued)

 Torque at joint 1 when link 1 is horizontal:

Y

X

Z

),( 11 
),( 22 

),( 11 ml

),( 22 ml

01 =

)}cos(
2

{
2

     

have  we,0 If

2
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l
lgm

l
gm ++=

=

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹 𝐹 =
𝑚1𝑔
𝑚2𝑔
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Solution (continued)

 Torque at joint 1 when link 1 is not horizontal:

)}cos(
2

)cos({)cos(
2

     

:be should 1joint at   torque the,0 If

12
2

1121
1
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+++=



l
lgm

l
gm

1
21  +

01 

𝐹 =
𝑚1𝑔
𝑚2𝑔

𝐹 =
𝑚1𝑔
𝑚2𝑔𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹
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Solution (continued)

 Relationship between Input and Output without Error Control Loops:

Y

X

Z

),( 11 
),( 22 

),( 11 ml

),( 22 ml

1

2

1

2

𝐹 =
𝑚1𝑔
𝑚2𝑔𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹
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Solution (continued)

 Relationship between Input and Output with Error Control Loops:

𝜃𝑎𝑐𝑡𝑢𝑎𝑙

Sensors

Sensors

Controller

Controller

𝜏1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑 -
+

𝜏2,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

-+

1

2

𝜏 = 𝐽𝑡𝐹

𝜏 = 𝐽𝑡𝐹
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Example of Example of Robot Arm at Rest (Statics) 

 A robot arm has two links which can move in a vertical plan. Now, we 

want the robot to exert a desired force F onto a screw driver. Assume that 

the mass of the screw driver is negligible. How to produce the desired 

force F acting on the screw driver?
http://www.lowes.com/lowes/lkn?action=howTop=BuyGuide/ScrDvrBGprint=true

Y
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Z
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),( 22 

),( 11 ml

),( 22 ml

fDesired Force
𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹

http://images.google.cn/imgres?imgurl=http://images.lowes.com/product/076174/076174645811.jpg&imgrefurl=http://www.lowes.com/lowes/lkn?action%3DhowTo%26p%3DBuyGuide/ScrDvrBG%26print%3Dtrue&h=500&w=500&sz=20&tbnid=-iw8jYPWbAIqdM:&tbnh=130&tbnw=130&prev=/images?q%3Dscrewdriver%2Bimages%26um%3D1&start=1&sa=X&oi=images&ct=image&cd=1
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Solution

 Desired torque at joint 2 when link 1 is horizontal
http://www.lowes.com/lowes/lkn?action=howTop=BuyGuide/ScrDvrBGprint=true

Y

X

Z

),( 11 
),( 22 

),( 11 ml

),( 22 ml

fDesired ForceIf 𝜃1 = 0,  we have
 

 𝜏2 = 𝑚2𝑔 ×
𝑙2

2
cos( 𝜃2) + 𝑓 × 𝑙2 cos( 𝜃2)

f

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹

http://images.google.cn/imgres?imgurl=http://images.lowes.com/product/076174/076174645811.jpg&imgrefurl=http://www.lowes.com/lowes/lkn?action%3DhowTo%26p%3DBuyGuide/ScrDvrBG%26print%3Dtrue&h=500&w=500&sz=20&tbnid=-iw8jYPWbAIqdM:&tbnh=130&tbnw=130&prev=/images?q%3Dscrewdriver%2Bimages%26um%3D1&start=1&sa=X&oi=images&ct=image&cd=1
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Solution (continued)

 Desired torque at joint 2 when link 1 is not horizontal

1
21  +

01 

f

If 𝜃1 ≠ 0, the torque at joint 2 should be:

 𝜏2 = 𝑚1𝑔 × 0 + 𝑚2𝑔 ×
𝑙2

2
cos( 𝜃2 + 𝜃1) + 𝑓 × 𝑙2 cos( 𝜃2 + 𝜃1)

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹 𝐹 =

𝑚1𝑔
𝑚2𝑔

𝑓
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Solution (continued)

 Desired torque at joint 1 when link 1 is horizontal
http://www.lowes.com/lowes/lkn?action=howTop=BuyGuide/ScrDvrBGprint=true

Y

X

Z

),( 11 
),( 22 

),( 11 ml

),( 22 ml

fDesired Force

f

If 𝜃1 = 0,  we have

 𝜏1 = 𝑚1𝑔 ×
𝑙1

2
+

 𝑚2𝑔 × {𝑙1 +
𝑙2

2
cos( 𝜃2)} +

 
 𝑓 × {𝑙1 + 𝑙2 cos( 𝜃2)}

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹 𝐹 =

𝑚1𝑔
𝑚2𝑔

𝑓

http://images.google.cn/imgres?imgurl=http://images.lowes.com/product/076174/076174645811.jpg&imgrefurl=http://www.lowes.com/lowes/lkn?action%3DhowTo%26p%3DBuyGuide/ScrDvrBG%26print%3Dtrue&h=500&w=500&sz=20&tbnid=-iw8jYPWbAIqdM:&tbnh=130&tbnw=130&prev=/images?q%3Dscrewdriver%2Bimages%26um%3D1&start=1&sa=X&oi=images&ct=image&cd=1
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Solution (continued)

 Desired torque at joint 1 when link 1 is not horizontal

If 𝜃1 ≠ 0, the torque at joint 1 should be:

 𝜏1 = 𝑚1𝑔 ×
𝑙1

2
cos( 𝜃1) + 𝑚2𝑔 × {𝑙1 cos( 𝜃1) +

 
𝑙2

2
cos( 𝜃2 + 𝜃1)} + 𝑓 × {𝑙1 cos( 𝜃1) + 𝑙2 cos( 𝜃2 + 𝜃1)}

1
21  +

01 

f

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹 𝐹 =

𝑚1𝑔
𝑚2𝑔

𝑓
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Solution (continued)

 Desired force within the framework of systems without error control loops:

𝑓𝑑𝑒𝑠𝑖𝑟𝑒𝑑

desired,1

desired,2
𝜃𝑎𝑐𝑡𝑢𝑎𝑙

𝜏𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝐽𝑡 • 𝐹 𝐹 =

𝑚1𝑔
𝑚2𝑔

𝑓
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Solution (continued)

 Desired force within the framework of systems with Error Control Loops:

𝑓𝑎𝑐𝑡𝑢𝑎𝑙

Sensors

Sensors

Controller

Controller

𝜏1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑 -
+

𝜏2,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

-+

1

2

𝜏 = 𝐽𝑡𝐹

𝜏 = 𝐽𝑡𝐹

𝜃𝑎𝑐𝑡𝑢𝑎𝑙
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Example of Articulated Robot Manipulator

 When the torques acting on the link joints of a robot with six 

revolute joints can overcome all the external forces, what will be 

the equation of motion at the robot’s link joints?

𝜏𝑎𝑝𝑝𝑙𝑖𝑒𝑑 > 𝐽𝑡 • 𝐹
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Answer

)(),()( qgqqqCFJqqB t −−−=  

scoordinate dgeneralize ofVector  :q

Inertia ofMatrix  :)(qB

forces. Coriolis and lCentrifuga ofMatrix  :),( qqC 

effect nalgravitatio ofVector  :)(qg

jointslink  at the acting forces dgeneralize ofVector  :

FJqgqqqCqqB t−=++ )(),()( 

Kinetic

Resistance
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Outline of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers
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What is the relationship between motion and 

mechanical energy at torque joints?

 Motions are related to mechanical energy at link joints

 Motions are related to mechanical energy at torque joints

 Motions are related to electrical energy at power joints

Motion
Mechanical

Energy

(Link Joints)

Mechanical 

Energy

(Torque Joints)

Electrical

Energy 

(Power Joints)

Relationship 1

Relationship 2

Relationship 3
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Link joints receive energies from 

torque joints (and power joints)

Power Joint Sensor

Torque

Joint

Link

Joint
i

iq

Power Joint Sensor

Torque

Joint

Link

Joint 1+i

im,

irk ,

1+iq

imq ,

1, +im
1, +imq

1, +irk
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Torque vector and motion vector 

at input of link joints

 
...

   and   
...

 
2

1

2

1





















=





















=

nn q

q

q

q









iaia iv ,, 
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Torque vector and motion vector 

at input of torque joints

 
...

   and   
...

,

2,

1,

,

2,

1,





















=





















=

nm

m

m

m

nm

m

m

m

q

q

q

q









iaia iv ,, 
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Property 1 of Torque 

Joints



























=−

nr

r

r

r

k

k

k

K

,

2,

1,

1

1
...00

............

0...
1

0

0...0
1



















=

nr

r

r

r

k

k

k

K

,

2,

1,

...00

............

0...0

0...0

 •= −1
rm K

nik imiri ,...,2,1  ,,, =•= 

mrK  •=

iaia iv ,, 
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Property 2 of 

Torque Joints



























=−

nr

r

r

r

k

k

k

K

,

2,

1,

1

1
...00

............

0...
1

0

0...0
1



















=

nr

r

r

r

k

k

k

K

,

2,

1,

...00

............

0...0

0...0

qKq rm •=

niq
k

q im

ir

i ,...,2,1  ,
1

,

,

=•=

mr qKq •= −1

iaia iv ,, 
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If we define

BBqB diag +=)(

CqqC =),( 

















+

















=

















032

301

210

500

040

003

532

341

213

iaia iv ,, 
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Then we have

=++ )(),()( qgqqqCqqB 

BBqB diag +=)(mr qKq 1−=

mrK  = CqqC =),( 

mrmrmrmrdiag KqKgqCKqKBB =++••+ −−− )(][ 111 

This is the dynamic equation of Robot at Torque Joints.
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Example

 Prove the following equation and explain its physical meanings:

)(          

:with

111111

11

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

+=




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Solution

mrmrmrmrmrdiag KqKgqCKqBKqKB =+++ −−−− )( 1111 

mrmrmrmrdiag KqKgqCKqKBB =++••+ −−− )(][ 111 
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Solution (continued)

mrmrmrmrmrdiag KqKgqCKqBKqKB =+++ −−−− )( 1111 

)( 1111
mrmrmrmrdiagmr qKgqCKqBKqKBK −−−− +++= 
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Solution (continued)

)( 1111
mrmrmrmrdiagmr qKgqCKqBKqKBK −−−− +++= 

)( 11111111
mrrmrrmrrmrdiagrm qKgKqCKKqBKKqKBK −−−−−−−− +++= 
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Solution (continued)

)( 11111111
mrrmrrmrrmrdiagrm qKgKqCKKqBKKqKBK −−−−−−−− +++= 

d

)(          

:with

111111

11

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

+=







69(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example

 Prove the following equation and explain its physical meanings:

)(          

:with

)(

111111

1

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dKBKq

−−−−−−

−

++=

−=



 
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Solution

)(          

:with

111111

11

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

+=





)(          

:with

][

111111

11

mrrmrrmrr

mmrdiagr

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

−=



 
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Solution (continued)

)(          

:with

][

111111

11

mrrmrrmrr

mmrdiagr

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

−=



 

)(          

:with

)(][

111111

111

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dKBKq

−−−−−−

−−−

++=

−=



 
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Solution (continued)

)(          

:with

)(

111111

1

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dKBKq

−−−−−−

−

++=

−=



 

)(          

:with

)(][

111111

111

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dKBKq

−−−−−−

−−−

++=

−=



 

1111)( −−−− = ABCABC
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Outline of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers
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What is the relationship between motion and 

electrical energy at power joints?

 Motions are related to mechanical energy at link joints

 Motions are related to mechanical energy at torque joints

 Motions are related to electrical energy at power joints

Motion
Mechanical

Energy

(Link Joints)

Mechanical 

Energy

(Torque Joints)

Electrical

Energy 

(Power Joints)

Relationship 1

Relationship 2

Relationship 3
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Mechanical energies at output of power 

joints come from the electrical energies 

at their inputs

Power

Joint

Torque 

Joint

imim ,,  
)()(

,

,

,,

ir

im

imir
k

k


 

Power

Amplifier

iaia iv ,, 

Power

Source
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An electrical motor is an electro-

mechanical device

http://m.eet.com/media/1175235/altera%20fpga%20figure%202%20300.jpg

http://www.google.com.sg/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCKeE4r7e68YCFUuOlAodwv0C1g&url=http://www.embedded.com/design/configurable-systems/4402474/Achieving-maximum-motor-efficiency-using-dual-core-ARM-SoC-FPGAs&ei=u_mtVee6C8uc0gTC-4uwDQ&bvm=bv.98197061,d.dGo&psig=AFQjCNGAOVuTG5k4FZaFGNMhlyUGfsOrcQ&ust=1437551327910705
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Equivalent diagram of electrical 

motor

http://m.eet.com/media/1175235/altera%20fpga%20figure%202%20300.jpg

Power

Joint

Torque 

Joint

imim ,,  
)()(

,

,

,,

ir

im

imir
k

k


 

Power

Amplifier

iaia iv ,, 

Power

Source

http://www.google.com.sg/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCKeE4r7e68YCFUuOlAodwv0C1g&url=http://www.embedded.com/design/configurable-systems/4402474/Achieving-maximum-motor-efficiency-using-dual-core-ARM-SoC-FPGAs&ei=u_mtVee6C8uc0gTC-4uwDQ&bvm=bv.98197061,d.dGo&psig=AFQjCNGAOVuTG5k4FZaFGNMhlyUGfsOrcQ&ust=1437551327910705
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Equation of Power Joints

imiv

ia

iaiaiaia qk
dt

di
LiRv ,,

,

,,,,
++=

Electro-motif force

iaR ,

iaL ,

be

+

+
iav ,

iai ,

imivb qke ,,
=

im,

Viscous friction
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Dynamic Equation 1 of Power Joints 

(continued)

iaitim ik ,,, •=

iaR ,

iaL ,

be

+

+
iav ,

iai ,

imivb qke ,,
=

im,

Viscous friction

im

it

ia
k

i ,

,

,

1
•=

dt

d

kdt

di im

it

ia ,

,

, 1 
•=
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Dynamic Equation 2 of Power Joints 

(continued)

imiv

ia

iaiaiaia qk
dt

di
LiRv ,,

,

,,,,
++=

imiv

im

it

ia

im

it

ia

ia qk
dt

d

K

L

K

R
v ,,

,

,

,

,

,

,

,
++=




dt

d

kdt

di im

it

ia ,

,

, 1 
•=

iaitim ik ,,, •=
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Next question: What is the relationship between energy 

and control signal at controllers (i.e., mind and brain)?

 Motions are related to mechanical energy at link joints

 Motions are related to mechanical energy at torque joints

 Motions are related to electrical energy at power joints

How to control this energy?

Motion
Mechanical

Energy

(Link Joints)

Mechanical 

Energy

(Torque Joints)

Electrical

Energy 

(Power Joints)

Relationship 1

Relationship 2

Relationship 3

Power

Source

Robot 

Brain

Power

Amplifier
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Outline of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers
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Electrical energies at input of power joints (i.e. 

motors) are under the control of signals from 

controllers (i.e., mind and brain) …

Power

Joint

Torque 

Joint

imim ,,  
)()(

,

,

,,

ir

im

imir
k

k


 

Power

Amplifier

iaia iv ,, 

Power

Source

icv ,

Controller
Signal to Power Amplification
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Example of Equation of Power Amplifier

iav ,+

-

fR

fR1R

1R
1v

2v

12, vvv ic −=

fv

fv

fi

ic

ff

ia v
R

R
vv

R

R
v ,

1

12

1

, )( =−=

𝑣𝑓 =
𝑣2

𝑅1 + 𝑅𝑓
𝑅𝑓 𝑖𝑓 =

𝑣1 − 𝑣𝑓

𝑅1

𝑣𝑎,𝑖 = 𝑣𝑓 − 𝑅𝑓 × 𝑖𝑓
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Dynamic Equations at Controllers

ic

ff

ia v
R

R
vv

R

R
v ,

1

12
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, )( =−=
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Summary of Transforming Signal Flow (Mind 

and Brain) to Energy Flow (Body) …

icv , iav , im, im,

Power

Joint

Torque 

Joint

imim ,,  
)()(

,

,

,,

ir

im

imir
k

k


 

Power

Amplifier

iaia iv ,, 

Power

Source

icv ,

Controller

𝜏 𝜔

Electrical

Energy

Mechanical

Energy
Signals Motions Motions
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Summary of Lecture 1

 Three Relationship Between Motion and Energy

 Dynamic Equations of Motion at Link Joints

 Dynamic Equations of Motion at Torque Joints

 Dynamic Equations of Motion at Power Joints

 Dynamic Equations of Motion at Controllers



88(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Outline of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Design, Machine, Control, Intelligence

Signal Flow Diagram

MA4825 Robotics
Module 4

Lecture 2

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 2

 Laplace Transforms

 Transfer Functions

 Signal Flow Diagram

 Signal Flow Diagram of Robot’s Dynamics
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Outline of Lecture 2

 Laplace Transforms

 Transfer Functions

 Signal Flow Diagram

 Signal Flow Diagram of Robot’s Dynamics
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What is Laplace Transform?

 Laplace Transform is an effective way of transforming differential 

equations into polynomial equations in frequency domain.

)( : DomainTime tf ] [ :Transform Laplace L )( :Domain-S sF

𝑑𝑠



93(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Laplace Transform

𝑓(𝑡):  a function of time t such that 𝑓(𝑡) = 0 for t < 0
 𝑠: a complex variable (i.e. real + j ×  imaginary)
 𝐿[ ]: an operational symbol indicating Laplace Transformation.
𝐹(𝑠): Laplace transform of f(t).

Forward process of Laplace transform:
 

 𝐿[𝑓(𝑡)] = 𝐹(𝑠) = න
0

∞

𝑓(𝑡) • 𝑒−𝑠𝑡𝑑𝑡

Inverse process of Laplace transform:

 𝐿−1[𝐹(𝑠)] = 𝑓(𝑡) =
1

2𝜋𝑗
න

𝑐−𝑗∞

𝑐+𝑗∞

𝐹(𝑠) • 𝑒𝑠𝑡𝑑𝑠
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)( : DomainTime tf ] [ :Transform Laplace L )( :Domain-S sF

)( : DomainTime tf )( :Domain-S sF1 :Transform  LaplaceInverse −L

Forward

Inverse
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Basic Functions and Their Laplace 

Transforms

Time Domain

 Unit pulse 𝑓(𝑡) = 𝛿(𝑡)

 Unit step 𝑓(𝑡) = 1(𝑡)

 Ramp 𝑓(𝑡) = 𝐴 • 𝑡

Frequency Domain

 𝐹(𝑠) = 1

 𝐹(𝑠) =
1

𝑠

 𝐹(𝑠) =
𝐴

𝑠2
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What is vector “s” in Laplace Transform?

 S is a vector in S plane:

Real

Imaginary

𝑠 = −𝜎 𝑠 = 𝜎

𝑠 = 𝑗𝜔

𝑠 = −𝑗𝜔

 js +=
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What is S-Plane?

 Real Axis:

 Imaginary Axis:

 Complex Plane:

 Complex Numbers or Vectors:

j

)sin()cos( tjte tj  +=

j

Real

Real

 js +=

Euler Equation:
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Property 1 of Laplace Transform

2

2

dt

xd )(2 sXs

n

n

dt

xd )(sXsn

Forward

Forward

dt

dx )(ssX
Forward
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Property 2 of Laplace Transform

න𝑓(𝑡)𝑑𝑡
1

𝑠
𝐹(𝑠)

Forward

ඵ 𝑓(𝑡)𝑑𝑡𝑑𝑡
1

𝑠2
𝐹(𝑠)

Forward

ම 𝑓 𝑡 𝑑𝑡𝑑𝑡𝑑𝑡
1

𝑠3
𝐹(𝑠)

Forward
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Property 3 of Laplace Transform

Exponential 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛: 𝑓(𝑡) = 𝑒−𝑎𝑡

𝐹(𝑠) =
1

𝑠 + 𝑎

s
sF

ttf

1
)(

)(1)( stepUnit 

=

=

Displacement in Frequency Domain

𝑠
𝑠 + 𝑎

𝑎



101(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Property 4 of Laplace Transform

)(])([ asFetfL at +=−

1

!
][

+
=

n

n

s

n
tL

)()]([ sFtfL =
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Property 5 of Laplace Transform

Sine 𝑓(𝑡) = 𝐴 • sin( 𝜔𝑡)

𝐹(𝑠) =
𝐴 • 𝜔

𝑠2 + 𝜔2

22
)(

)cos()( Cosine





+

•
=

•=

s

sA
sF

tAtf

𝐹 𝑠 =
𝐴𝜔

(𝑠 + 𝑗𝜔)(𝑠 − 𝑗𝜔)

𝐹 𝑠 =
𝐴

2
(

𝑗

𝑠 + 𝑗𝜔
−

𝑗

𝑠 − 𝑗𝜔
)

𝐹 𝑠 =
𝐴𝑠

(𝑠 + 𝑗𝜔)(𝑠 − 𝑗𝜔)

𝐹 𝑠 =
𝐴

2
(

1

𝑠 + 𝑗𝜔
+

1

𝑠 − 𝑗𝜔
)
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One More Example of Laplace Transform

22)(
)(

)sin()(







++
=

= −

as
sF

tetf at

22)(
)(

)cos()(





++

+
=

= −

as

as
sF

tetf at

)(])([ asFetfL at +=−

)()]([ sFtfL =

𝑠
𝑠 + 𝑎

𝑎
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Initial Value Theorem

)(lim)(lim
0

sYsty
st

•=
→→
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Final Value Theorem

)(lim)(lim
0

sYsty
st

•=
→→
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Outline of Lecture 2

 Laplace Transforms

 Transfer Functions

 Signal Flow Diagram

 Signal Flow Diagram of Robot’s Dynamics
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What is transfer function?

LTI
)(tx 



−•=
0

)()()( duutguxty

)(sX

)(tg

)(sG
)()()( sXsGsY •=

Time Domain

Frequency Domain
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Definition of Transfer Function

 A transfer function G(s) is the ratio between the Laplace 

transform of the output and the Laplace transform of the input.

G(s) = Y(s)/X(s)
X(s) Y(s)
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Motor

Example of Transfer Function of Systems 

without Error Control Loop
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Solution:

 (a)

 =+ BJ 

)()()( sTsBsJs =+

ssT

s

10010

1

)(

)(

+
=



 =+
dt

d
B

dt

d
J 2

2

Motor
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Solution (continued): 
 (b)

s
sT

100
)( =

1.0

1010

1.0

11100

10010

1
)(

+
−=

+
•=•

+
=

ssssss
s

𝜏 𝑡 = 100 𝑁. 𝑚

tet 1.01010)( −−=

rad/sec 101010lim)(lim 1.0 =−= −

→→

t

tt
et

ssT

s

10010

1

)(

)(

+
=



Motor



112(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Transfer Function of Systems with 

Error Control Loop …

Output(s)

Input(s)
=

Forward Branch (s)

1−Closed Loop (s)
=

𝐺1(𝑠)𝐺2(𝑠)

1 + 𝐺1 𝑠 𝐺2 𝑠 𝐻(𝑠)

G2(s)G1(s)

H(s)

X(s) E(s) C(s) Y(s)

F(s)

+-
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Outline of Lecture 2

 Laplace Transforms

 Transfer Functions

 Signal Flow Diagram

 Signal Flow Diagram of Robot’s Dynamics
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What is a signal flow diagram of a 

control system?

 A signal flow diagram (or Block Diagram) refers to a control 

system’s a flow of signals in frequency domain or Laplace 

transforms, which are interconnected by transfer functions. 

G2(s)G1(s)

H(s)

X(s) E(s) C(s) Y(s)

F(s)

+-
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Example
Signal Flow Diagram
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Solution:
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Solution (continued):
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Solution (continued):
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Solution (continued):
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Solution (continued):
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Solution (continued):
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Solution (continued):
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Outline of Lecture 2

 Laplace Transforms

 Transfer Functions

 Signal Flow Diagram

 Signal Flow Diagram of Robot’s Dynamics
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Robot’s Control Systems: MIMO

Mechanism

Power Joint Sensor
Torque

Joint

Link

Joint
i

iq im,

irk ,

imq ,

Power-Amplifiers

Controller

… …

……

icv ,

iav ,
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Signal Flow Diagram of Robot 

Dynamics at Torque Joints …

 What is the signal flow diagram of the following equation?

)(          

:with

)(

111111

1

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dKBKq

−−−−−−

−

++=

−=



 
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Solution

 Step 1: Do Laplace transform

)(          

:with

)(

111111

1

mrrmrrmrr

mrdiagrm

qKgKqCKKqBKKd

dKBKq

−−−−−−

−

++=

−=



 

𝑠2𝑞𝑚(𝑠) = 𝐾𝑟𝐵𝑑𝑖𝑎𝑔
−1 𝐾𝑟(𝜏𝑚(𝑠) − 𝑑(𝑠))

with:

d(s) = 𝐾𝑟
−1Δ𝐵𝐾𝑟

−1𝑠2𝑞𝑚(𝑠) + 𝐾𝑟
−1𝐶𝐾𝑟

−1𝑠𝑞𝑚 + 𝐾𝑟
−1𝑔(𝑠)𝐾𝑟

−1𝑞𝑚(𝑠)



127(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

𝑠2𝑞𝑚(𝑠) = 𝐾𝑟𝐵𝑑𝑖𝑎𝑔
−1 𝐾𝑟(𝜏𝑚(𝑠) − 𝑑(𝑠))

with
𝑑(𝑠) = 𝐾𝑟

−1Δ𝐵𝐾𝑟
−1𝑠2𝑞𝑚(𝑠) + 𝐾𝑟

−1𝐶𝐾𝑟
−1𝑠𝑞𝑚 + 𝐾𝑟

−1𝑔(𝑠)𝐾𝑟
−1𝑞𝑚(𝑠)

𝑞𝑚(𝑠) =
1

𝑠2
𝐾𝑟𝐵𝑑𝑖𝑎𝑔

−1 𝐾𝑟(𝜏𝑚(𝑠) − 𝑑(𝑠))

with
d(s) = 𝐾𝑟

−1Δ𝐵𝐾𝑟
−1𝑠2𝑞𝑚(𝑠) + 𝐾𝑟

−1𝐶𝐾𝑟
−1𝑠𝑞𝑚 + 𝐾𝑟

−1𝑔(𝑠)𝐾𝑟
−1𝑞𝑚(𝑠)
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Solution (continued)

 Step 2: Draw signal diagram

𝑞𝑚(𝑠) =
1

𝑠2
𝐾𝑟𝐵𝑑𝑖𝑎𝑔

−1 𝐾𝑟(𝜏𝑚(𝑠) − 𝑑(𝑠))

with
𝑑(𝑠) = 𝐾𝑟

−1Δ𝐵𝐾𝑟
−1𝑠2𝑞𝑚(𝑠) + 𝐾𝑟

−1𝐶𝐾𝑟
−1𝑠𝑞𝑚 + 𝐾𝑟

−1𝑔(𝑠)𝐾𝑟
−1𝑞𝑚(𝑠)

+
-)(sm

)(sd

rdiagr KBK 1−

s

1

s

1 )(sqm

(to continue …)

𝑠 × 𝑞𝑚 (𝑠)𝑠2 × 𝑞𝑚 (𝑠)
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𝑑(𝑠) = 𝐾𝑟
−1Δ𝐵𝐾𝑟

−1𝑠2𝑞𝑚(𝑠) + 𝐾𝑟
−1𝐶𝐾𝑟

−1𝑠𝑞𝑚 + 𝐾𝑟
−1𝑔(𝑠)𝐾𝑟

−1𝑞𝑚(𝑠)

(to continue …)

+
-)(sm

)(sd

rdiagr KBK 1−

s

1

s

1 )(sqm

11 −−  rr BKK+

11 −−

rr CKK+

𝐾𝑟
−1𝑔(𝑠)𝐾𝑟

−1

+

+

𝑠 × 𝑞𝑚 (𝑠)

𝑠2 × 𝑞𝑚 (𝑠)
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+
-)(sm

)(sd

rdiagr KBK 1−

s

1

s

1
)(sqm

11 −−  rr BKK+

11 −−

rr CKK+
+

)(sqm

)(sqm

+

𝐾𝑟
−1𝑔(𝑠)𝐾𝑟

−1

𝑠 × 𝑞𝑚 (𝑠)

𝑠2 × 𝑞𝑚 (𝑠)
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Signal Flow Diagram of Robot 

Dynamics at Controllers …

 What is the signal flow diagram of the following system of equations?

ni

qk
R

R

dt

d

K

L

R

R

K

R

R

R
v imiv

f

im

it

ia

f

im

it

ia

f

ic

,...,3,2,1

,,
1,

,

,1
,

,

,1
,

=

++= 



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Solution

 Step 1: Do Laplace transform

ni

qk
R

R

dt

d

K

L

R

R

K

R

R

R
v imiv

f

im

it

ia

f

im

it

ia

f

ic

,...,3,2,1

,,
1,

,

,1
,

,

,1
,

=

++= 




ni

ssqk
R

R
ss

K

L

R

R
s

K

R

R

R
sv imiv

f

im

it

ia

f

im

it

ia

f

ic

,...,3,2,1

)()()()( ,,
1

,

,

,1
,

,

,1
,

=

++= 
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ni

sq
R

kR
ss

KR

LR

KR

RR
sv im

f

iv

im

itf

ia

itf

ia

ic

,...,3,2,1

)()()()( ,

,1

,

,

,1

,

,1

,

=

++= 

(to continue …)

ni

ssqk
R

R
ss

K

L

R

R
s

K

R

R

R
sv imiv

f

im

it

ia

f

im

it

ia

f

ic

,...,3,2,1

)()()()( ,,
1

,

,

,1
,

,

,1
,

=

++= 
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ni

sq
R

kR
ss

KR

LR

KR

RR
sv im

f

iv

im

itf

ia

itf

ia

ic

,...,3,2,1

)()()()( ,

,1

,

,

,1

,

,1

,

=

++= 

ni

ss
R

L

KR

RR
sq

R

kR
sv im

ia

ia

itf

ia

im

f

iv

ic

,...,3,2,1

)()1()}()({ ,

,

,

,

,1

,

,1

,

=

+=− 

(to continue …)
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(to continue …)

ni

ss
R

L

KR

RR
sq

R

kR
sv im

ia

ia

itf

ia

im

f

iv

ic

,...,3,2,1

)()1()}()({ ,

,

,

,

,1

,

,1

,

=

+=− 

ni

ssT
K

sqKsv imim

im

imieic

,...,3,2,1

)()1(
1

)}()({ ,,

,

,,,

=

+=− 

itf

ia

im KR

RR

K ,

,1

,

1
      :Define =

ia

ia

im
R

L
T

,

,

,      :Define =
f

iv

ie
R

kR
K

,1

,      :Define =
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ni

ssT
K

sqKsv imim

im

imieic

,...,3,2,1

)()1(
1

)}()({ ,,
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(to continue …)
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Solution (continued)

 Step 2: Draw signal diagram

)}()(){()( sqKsvsGs mecmm
−=

eK
)(sqm

)(svc
+

-
)(sGm

)(sm
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Signal Diagram of Robot’s Dynamics at 

Controllers …

eK
)(sqm

)(svc
+

-
)(sGm

)(sm



142(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

eK
)(sqm

)(svc
+

-
)(sGm

)(sm

(to continue …)

+
-

)(sd

rdiagr KBK 1−

s

1

s

1
)(sqm

11 −−  rr BKK+

11 −−

rr CKK+

𝐾𝑟
−1𝑔(𝑠)𝐾𝑟

−1

+

)(sqm

)(sqm

+

)(sm

𝑠 × 𝑞𝑚 (𝑠)

𝑠2 × 𝑞𝑚 (𝑠)
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eK )(sqm

)(svc
+

-
)(sGm +

-

)(sd

rdiagr KBK 1−

s

1

s

1
)(sqm

11 −−  rr BKK+

11 −−

rr CKK+

𝐾𝑟
−1𝑔(𝑠)𝐾𝑟

−1

+

)(sqm

)(sqm

+

)(sm

This is the Signal Flow Diagram of Robot’s Dynamics 

under Control …

How to make it to become LTI systems?

𝑠 × 𝑞𝑚 (𝑠)

𝑠2 × 𝑞𝑚 (𝑠)
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A Background Knowledge: Multiplication of Diagonal Matrices 

Also Results In Diagonal Matrix.
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Necessary and Sufficient Condition of Making a Robot to Become 

an Ideal Dynamic System: The Reduction Ratios Are Big Enough!

+
-)(sm

)(sd

rdiagr KBK 1−

s

1

s

1
)(sqm

)(sqm

)(sqm

Treat it as disturbance

MIMO = Sum of SISOs

An Important Property of Ideal Dynamic System:



146(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Summary of Lecture 2

 Laplace Transforms

 Transfer Functions

 Signal Flow Diagram

 Signal Flow Diagram of Robot’s Dynamics



147(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Outline of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Design, Machine, Control, Intelligence

Design of Control Systems

MA4825 Robotics
Module 4

Lecture 3

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 3

 Basics of Systems

 Basics of Control Systems

 Design Solutions
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Outline of Lecture 3

 Basics of Systems

 Basics of Control Systems

 Design Solutions
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What is a system?

 A system consists of a set of elements or 

modules, which act and interact together 

for the purpose of achieving some 

common goals.
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What is the best system in the world?

 Answer:

 Static Systems!

 Any system, in which the input and output relationship is independent of 

time, is a static system.

Systems OutputInput

➢ No transient responses

➢ Steady-state responses
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Example of Static Systems

 Digital to Analogue Conversion (DAC) Systems

7B

-

+

Logic switch
7R

aR

bR

inV

outV

…
…

…
…

6R

0R

6B

0B cVBV inout +=
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Example of Static Systems

 Sensing Systems
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Example of Static Systems

 Communication Systems
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Property of Static Systems

A static system only has steady-state 

responses and steady-state errors.

Systems Desired

Output

Input
+

-

OutputError

time

e
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What are dynamic systems?

 Any system, in which the input and output relationship 

is not independent of time, is a dynamic system.

Systems OutputInput

➢ Transient responses

➢ Steady-state responses
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Property of Dynamic Systems
 A dynamic system has both transient and steady-state responses.

Systems Desired

Output

Input
+

-

OutputError



159(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

How to judge the performance of 

a dynamic system?

 Three performance indicators:

 Stability

 Response time

 Response accuracy
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How to make a dynamic system to 

approach the best system?

Static Systems

 Stability

 100%

 Response Time

 0 s

 Response Accuracy

 100%

Dynamic Systems

 Stability

 100% (possible)

 Response Time

 0 s (not possible)

 Response Accuracy

 100% (possible)
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What are the ideal dynamic 

systems in the world?

 Answer:

Linear time-invariant (LTI) systems!

What are the properties of linear time-

invariant (LTI) systems?
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Property 1 of Ideal Dynamic Systems

 Time Invariance

LTI
)(tx )(ty

Relationship is independent of date and time
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Property 2 of Ideal Dynamic Systems

 Homogeneity

LTI
)(txa • )(tya •

LTI𝑎 • 𝑠𝑖𝑛(𝜔𝑡) 𝑏 • 𝑠𝑖𝑛(𝜔𝑡 + 𝜑)
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Property 3 of Ideal Dynamic Systems

 Superposition

LTI
)()( 21 txtx + )()( 21 tyty +

MIMO = Sum of SISOs
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Outline of Lecture 3

 Basics of Systems

 Basics of Control Systems

 Design Solutions
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What is the purpose of controlling 

a dynamic system?

 To achieve the desired  transient responses and steady-state 

responses in terms of:

 Stability: 100% (possible)

 Response time: as fast as possible

 Response accuracy: 100% (possible)
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Example of Stability
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Example of Response Time
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Example of Response Accuracy

lim
𝑡→∞

𝑐(𝑡) = lim
𝑠→0

𝑠 • 𝐶 𝑠 = lim
𝑠→0

𝑠 • 𝐺 𝑠) • 𝑅(𝑠

Transfer Function of

Closed-loop System

Desired

Output

Actual

Output
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How to achieve the desired responses 

from a given dynamic system?

 Two Steps:

 To construct a system with error control loop

 To design the control law inside the error control loop 
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What is a system with error control loop?

 Any system, which responds to errors that is the difference between 

desired output and actual output, is a system with error control loop.

 A system with error control loop has three basic building blocks:

System under 

Control 

Sensors

Controller+-

Sub-system Sub-system

Sub-system

Output
Desired

Output Errors
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Example of Motion Control Systems

 Any system, which responds to errors between desired output and 

actual output, is a system with error control loop.

System under 

Control 

Sensors

Controller+-

Sub-system Sub-system

Sub-system

Output
Desired

Output

• Positons

• Velocities

• Forces

• Torques

• Positons

• Velocities

• Forces

• Torques

A System with Error Control Loop

Errors
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Properties of Systems with Error 

Control Loops …

 Outputs of such systems strongly depend on errors 

between desired outputs and actual outputs.

 Outputs of such systems weakly depend on the 

dynamic constraints of the internal processes.

 Outputs of such systems weakly depend on the static 

attributes of the internal processes.
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How to design a robot’s motion control 

systems?

 There are two methodologies:

 Apply Design Methods in Time Domain

 Apply Design Methods in Frequency Domain
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Outline of Lecture 3

 Basics of Systems

 Basics of Control Systems

 Design of Control Systems
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Dynamics of Single-wheeled Robot

 Equation of Dynamic Behaviors: State Vector
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Dynamics of Single-wheeled Robot

 Equation of Dynamic Behaviors: State-Vector Equations
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Dynamics of Omni-wheeled Robot

 Equations of Dynamic Behaviours: State Vector
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Dynamics of Omni-wheeled Robot
 Equation of Dynamic Behaviors: State-vector Equations
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Two Domains for Us to Do Design …

Time Domain Frequency Domain

ሶ𝑥 = 𝑘𝑥

𝑥 𝑡 = 𝑒𝑘×𝑡

𝑌 𝑠 =
1

𝑠 − 𝑘

𝑦 𝑡 = 𝑒𝑘×𝑡

More in next slide
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Use of Eigenvalues and Eigenvectors …

𝐷 =

𝜆1

𝜆2

…
𝜆𝑛

𝑉 = [𝑣1 𝑣2 … 𝑣𝑛]

𝐴 = 𝑉 × 𝐷 × 𝑉−1

This is called 

Diagonalization!ሶ𝑋 = 𝐴𝑋

ሶ𝑋 = 𝑉𝐷𝑉−1𝑋

(𝑉−1 ሶ𝑋) = 𝐷 × (𝑉−1 𝑋)

𝑉−1 × 𝑋 𝑡 = 𝑒𝐷×𝑡

𝑋 𝑡 = 𝑉 × 𝑒𝐷×𝑡

ሶ𝑥 = 𝑘𝑥 𝑥 𝑡 = 𝑒𝑘×𝑡



182(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Design Methods in Time Domain

 Use of State-vector Equations:

CXY

BuAXX

=

+= Y
YKYKu •−=−•= )0(+-

KYu

CXY

BuAXX

−=

=

+= BKCXAXX −= XAXBKCAX ')( =−=

𝑋(𝑡) = 𝑉(𝐴′) × 𝑒𝐷(𝐴′)𝑡

∀𝜆 ∍ 𝑒𝑖𝑔(𝐴′)
Re( 𝜆) < 0

Design of K

det( 𝜆𝐼 − 𝐴 + 𝐵𝐾𝐶) = 0

𝜆 − 𝜆1 … (𝜆 − 𝜆𝑛) = 0

0=dY

Stability Criterion

Dynamics under Control
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Design Method 1 in Frequency Domain

 Use of Routh-Hurwitz Criterion

𝐺 𝑠 =
𝐶(𝑠)

𝑅(𝑠)
=

𝑍(𝑠)

𝑃(𝑠)
=

𝑍(𝑠)

𝑎𝑛𝑠𝑛 + 𝑎𝑛−1𝑠𝑛−1 + ⋯ + 𝑎0

𝑠𝑛

𝑠𝑛−1

𝑠𝑛−2

…
𝑠0

Routh Array

𝑎𝑛

𝑎𝑛−1

𝑎𝑛−2

𝑎𝑛−3

𝑎𝑛−4

𝑎𝑛−5

…

…

A

The system is stable if the 

number of change of signs 

in the first column is zero.

𝐴 =
𝑎𝑛−1 • 𝑎𝑛−4 − 𝑎𝑛 • 𝑎𝑛−5

𝑎𝑛−1
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Example
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Solution

 Routh Array:

Ks
K

K
s

KKs

s

KssKs

155

0
1

55

1551

101

0)155(10)1(

0

1

2

3

23

+
+

−

++

=+++++

0155

055

01

+

−

+

K

K

K

If K is positive,

Then:
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Solution （continued):

 When K = 1, the Routh Array is:

Ks
K

K
s

KKs

s

KssKs

155

0
1

55

1551

101

0)155(10)1(

0

1

2

3

23

+
+

−

++

=+++++

0

1

2

3

23

00

202

101

020102

s

s

s

s

sss =+++

Characteristic Equation = Polynomials x Auxiliary Polynomials

Auxiliary Polynomials
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Solution （continued):

 When K = 1, the auxiliary polynomial 

     equation is:

20

04

202

101

020102

0

1

2

3

23

s

s

s

s

sss =+++

10js =

Oscillation with: 𝜔 = 10 rad/s

𝑃𝑎(𝑠) = 2𝑠2 + 20 = 0

004
)(

=+= s
ds

sdP

Characteristic Equation = Polynomials x Auxiliary Polynomials

Oscillation frequence is : 𝑓 =
𝜔

2𝜋
=

10

2𝜋

𝑃𝑎 (𝑠) = 2𝑠2 + 20 = 0
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Design Method 2 in Frequency Domain
 Use of Specifications in Time Domain

𝐶(𝑠)

𝑅(𝑠)
=

𝜔𝑛
2

𝑠2+2𝜁𝜔𝑛𝑠+𝜔𝑛
2

        =
𝜔𝑛

2

𝑠2+2𝜁𝜔𝑛𝑠+(𝜁𝜔𝑛)2−(𝜁𝜔𝑛)2+𝜔𝑛
2

 =
𝜔𝑛

2

(𝑠 + 𝜁𝜔𝑛)2 + (𝜔𝑛 1 − 𝜁2)2

x

IM

RE

n
21  −= nd

n



)cos( =



189(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Typical Outputs
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Design Specifications in Time Domain

 Maximum Overshoot:

 Time of Maximum Overshoot:

 Settling Time with 2% of Error Band:

 Settling Time with 5% of Error Band:

21/  −−
= eM p

𝑡𝑝 =
𝜋

𝜔𝑛 1 − 𝜁2

𝑡𝑠 =
4

𝜁𝜔𝑛

𝑡𝑠 =
3

𝜁𝜔𝑛
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Example



192(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Solution

 Overshoot of 5%:

 2% Settling Time of 2 seconds:

05.0
21/
==

−− 
eM p

9957.2)05.0(log1/ 2 −==−− e

)1()
9957.2

( 222 


 −= 69.0=

2
4

==
n

st


rad/s 8986.2
69.0

22
===


n
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Example

Typical Closed-loop Error Control System for Motors
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Solution

Kks

K

s

Kk
s

K

sR

sC

++
=

+
+

+=
2

2
1

2

)(

)(
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Solution (continued)

KsKks

K

KsKks

K

sKks

K
sKks

K

sR

sC

+++
=

+++
=

++
+

++=
)2()2(1

2
1

1

2

)(

)(
2
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Solution (continued)

KsKks

K

KsKks

K

sKks

K
sKks

K

sR

sC

+++
=

+++
=

++
+

++=
)2()2(1

2
1

1

2

)(

)(
2

Kk

K

n

n

+=

=

22

2





225.0
16

247.0222

1642

=
−

=
−

=

==

K
k

K

n



197(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Design Method 3 in Frequency Domain

 Use of PID Transfer Function (i.e., PID Control Laws):

imq ,


imq ,

icv ,

ni ,...,2,1=

+
-

d
imq ,

imp ek ,•

dt

de
k

im
d

,
•

• dtek imi ,
+

+
+

imq ,


im

d

imim qqe ,,, −=

Joint Dynamics

Under Control

Any Robot = N Joints

𝐺𝑐 𝑠 = 𝑘𝑝 + 𝑘𝑖

1

𝑠
+ 𝑘𝑑𝑠

PID Transfer Function



198(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example
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Solution

 Transfer Functions of Closed-loop Control System:

Kss

K

ss

K

ss

K

sR

sC

++
=

+
+

+
=

2

)2(
1

)2(

)(

)(
2

Kss

ss

Kss

K

sR

sC

sR

sE

++

+
=

++
−=−=

2

2

2
1

)(

)(
1

)(

)(
2

2

2
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Solution (continued)

 a) Steady-state Error to Unit-ramp Input:

𝑒(∞) = lim
𝑠→0

𝑠 𝐸(𝑠) = lim
𝑠→0

𝑠 •
𝑠2 + 2𝑠

𝑠2 + 2𝑠 + 𝐾(𝑠)
•

1

𝑠2
= lim

𝑠→0

2

𝐾(𝑠)

2

1
)(
s

sR =

20

1.0
2

=

=

K

K
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Solution

 b) Steady-state Error to be zero:

In this case, the controller should include an integrator.

Hence, the controller should be in the following form (or a similar form): 

𝑒(∞) = lim
𝑠→0

𝑠 𝐸(𝑠) = lim
𝑠→0

𝑠 •
𝑠2 + 2𝑠

𝑠2 + 2𝑠 + 𝐾(𝑠)
•

1

𝑠2
= lim

𝑠→0

2

𝐾(𝑠)

𝑒 ∞ = lim
𝑠→0

2
𝑠

𝐾1𝑠 + 𝐾2
= 0

s
KsK

s

K
KsK

1
)()( 21

2
1 +=+=
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Solution (continued)

 c) Transfer Function between D(s) and C(s):

)(2

1

)2(

)(
1

)2(

1

)(

)(
2 sKss

ss

sK

ss

sD

sC

++
=

+
+

+
=

Steady-state Response to Unit-step Input of D(s):

𝑐(∞) = lim
𝑠→0

𝑠 •
1

𝑠2 + 2𝑠 + 𝐾(𝑠)
•

1

𝑠
= lim

𝑠→0

1

𝐾(𝑠)

Hence, K(s) must include an integrator in order to make the response to be zero.

s

K
KsK 2

1)( +=

s
KsK

s

K
KsK

1
)()( 21

2
1 +=+=

𝑐 ∞ = lim
𝑠→0

𝑠

𝐾1𝑠 + 𝐾2
= 0
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Design Method 4 in Frequency Domain
 Use of Phase-Compensation Transfer Function (i.e., Phase Compensator):

𝐶(𝑠)

𝑅(𝑠)
=

𝐾 × 𝐺(𝑠)

1 + 𝐾 × 𝐺(𝑠)

1 + 𝐾 × 𝐺 𝑠 = 0

1 + 𝐾 ×
𝑍(𝑠)

𝑃(𝑠)
= 0

P(𝑠) + 𝐾 × Z(𝑠) = 0

Locus = Path

Locus = Path

When K varies from 0 to infinity, we have:

1

Desired

Output

Actual

Output

𝑅(𝑠)

C(𝑠)
+
-

𝐺𝑐 𝑠 = 𝐾
𝑠 + 𝑧

𝑠 + 𝑝
𝐺𝑝(𝑠)

𝐺 𝑠 = 𝐺𝑐(𝑠)𝐺𝑝(𝑠)

Equation of Root Locus
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How to Determine Equation of 

Root Locus? 

0)(1 =•+ sGKEquation of Root Locus
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Design Specification in Frequency Domain:

 Locations of desired roots of error control loop systems.

x

IM

RE

n
21  −= nd

n



)cos( =
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Design Options

 Option 1: without phase 

compensator

 Option 2: with phase 

compensator:

1

Desired

Output

Actual

Output

𝑅(𝑠)

C(𝑠)
+
-

1

Desired

Output

Actual

Output

𝑅(𝑠)

C(𝑠)
+
-

𝐺𝑐 𝑠 = 𝐾
𝑠 + 𝑧

𝑠 + 𝑝
𝐺𝑝(𝑠)

𝐺 𝑠 = 𝐺𝑐(𝑠)𝐺𝑝(𝑠)

𝐺𝑐 𝑠 = 𝐾 𝐺𝑝(𝑠)

𝐺 𝑠 = 𝐺𝑐(𝑠)𝐺𝑝(𝑠)
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Example

AGV    n
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Solution 

 a) Unit-step Response when Gc(s) = 1 and K = 1:

)(

)(

)(1

)(

)(

)(
2

2

2

sGKs

sGK

s

K
sG

s

K
sG

sR

sC

c

c

c

c

•+

•
=

+

=

))((

1

1

1

)(

)(
2 jsjsssR

sC

−+
=

+
=
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Solution

 b(i) Design of PD Controller: skksGc 21)( +=

pd

dp

c

c

ksks

skk

skkKs

skkK

s

K
sG

s

K
sG

sR

sC

++

+
=

+•+

+•
=

+

=
2

21

2

21

2

2

)(

)(

)(1

)(

)(

)(

x

IM

RE

n
21  −= nd

n



)cos( =24142.1707.022

2

4142.111

707.0)45cos(

2

22

0

===

==

=+=

==

nd

np

n

k

k









ssGc 22)( +=
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ssGc 22)( +=K = 1

22

22

1
)22(1

1
)22(

)(

)(
2

2

2

++

+
=

++

+

=
ss

s

s
s

s
s

sR

sC
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Solution

 b(ii) Design of Phase Compensator:

ps

zs
sGc

+

+
=)(

0)(1
2
=+

s

K
sGc

x

IM

RE

n
21  −= nd

n



)cos( =

1p

02 =
+

+
+

ps

zs
Ks 023 =+++ KzKspss

)1)(1)(( 0

23 jsjspsKzKspss −++++=+++

00

2

0

323 2)22()2( pspspsKzKspss +++++=+++
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00

2

0

323 2)22()2( pspspsKzKspss +++++=+++

Kz

KpKz

Kpp

Kp

pK

/21

22

15.02

15.0

22

0

0

0

0

−=

−==

+=+=

−=

+=

15.0

/21
)(
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−+
=

+

+
=

Ks

Ks
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zs
sGc
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Solution

 c) Improvement by Phase Compensator:

15.0

/21
)(

++

−+
=

Ks

Ks
sGc

)15.0(

)/21(
1

)15.0(

)/21(

)(

)(

2

2

++

−+
+

++

−+

=

Kss

KsK

Kss

KsK

sR

sC

)2()15.0(

)/21(

)(

)(
23 −++++

−+
=

KKssKs

KsK

sR

sC K=2.0

K=2.5

K=3.0
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MATLAB

Demo
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Another Useful Tool: Final Value Theorem

lim
𝑡→∞

𝑦 (𝑡) = lim
𝑠→0

𝑠 • 𝑌(𝑠)

𝑌(𝑠)

X(𝑠)

E(𝑠)

𝑌(𝑠)

lim
𝑡→∞

𝑒 (𝑡) = lim
𝑠→0

𝑠 • 𝐸(𝑠)

Steady-state Output

Steady-state Error
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Caution: Error from Sensor Cannot Be 

Compensated by Error Control Loop!

𝑌(𝑡)

X(𝑡)

E(𝑡)

𝑌 𝑡 ± ∆𝑌

𝐸 𝑡 = 𝑋 𝑡 − 𝑌 𝑡 ± ∆𝑌 = 0

𝑌 𝑡 = 𝑋 𝑡 ± ∆𝑌

When

we have
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Remaining Questions … 

 How is robot brain’s control signal related to desired motion?

 Under what condition will a robotic arm behave like an ideal 

dynamic system?

LTI
)()( 21 txtx + )()( 21 tyty +

MIMO = Sum of SISOs
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Summary of Lecture 3

 Basics of Systems

 Basics of Control Systems

 Design Solutions
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Outline of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Design, Machine, Control, Intelligence

Control in Joint-Space

MA4825 Robotics
Module 4

Lecture 4

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics
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Outline of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics
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Robot’s Control Systems

 Hardware Details

Mechanism

Power Joint Sensor
Torque

Joint

Link

Joint
i

iq im,

irk ,

imq ,

Power-Amplifiers

Controller

… …

……

icv ,

iav ,
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Robot’s Control Systems
 Software Details

Task
Robot

Mind


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

Forward Kinematics

Link Joints Power Joints
Control 

Algorithms

Sensors
),,( iii  
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Definition of Joint Space

 The space, which is defined by the linear or angular positions of 

link joints, is the so-called Joint Space. Joint

Space
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Outline of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics
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What are the controllable variables in 

joint space?

Answer
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Controllable Variables in Joint Space

Positions

Velocities

Forces/Torques (related to accelerations)
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Next Question: How to determine desired 

output of Controllable Variables in Joint Space?

 For Robot Manipulators:

  Use of Inverse 

Kinematics

 For Robot Mobile Base:

  Use of Inverse 

Kinematics

Answer:
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Example 1: Inverse Kinematics of Robot 

Manipulator with Two Links …

 A SCARA robot has four links. The first two links are revolute links. What 

should be the angles of joint 1 and joint 2 if the tool tip’s coordinates are 

at (x(t), y(t), z(t))?  

Link 1

Link 2 Link 3

Link 4

Z

Y

X

A

*

B

*
Tool

Link 1

Link 2

Link 3

Link 4
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Solution

 Home positions of the first two links:

𝑋

𝑌

𝑂
𝑙1 𝑙2

𝜃1 𝜃2

• Link 1’s length:

• Link 2’s length:

• Joint 1’s angle:

• Joint 2’s angle:

𝑙1

𝑙2

𝜃1
𝜃2

𝑂1 𝑂2 𝑂3
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Solution (continued)

 Input of coordinates (x(t), y(t), 

z(t)) at O3:

𝑋

𝑌

𝑂

𝑙1

𝑙2

𝜃1

𝜃2

Z

Y

X

A

*

B

*
Tool

Link 1

Link 2

Link 3

Link 4

𝑂2

𝑂1

𝑂3

(𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡))
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Solution (continued)

 Output of angles of link 1 and link 2:

𝑋

𝑌

𝑂

𝑙1

𝑙2
𝑂2

𝑂1

𝑂3

(𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡))𝑙

𝛼

𝛽

𝜎
𝑙 = 𝑥(𝑡)2 + 𝑦(𝑡)2

𝛼 = arccos(
𝑙1

2 + 𝑙2
2 − 𝑙2

2𝑙1𝑙2
)

𝛽 = arccos(
𝑙1

2 + 𝑙2 − 𝑙2
2

2𝑙1𝑙
)

𝜎 = arccos(
𝑙2

2 + 𝑙2 − 𝑙1
2

2𝑙2𝑙
)

𝜑 = arctan(
𝑦(𝑡)

𝑥(𝑡)
)𝜑

𝜃1 𝑡 = 𝛽 + 𝜑

𝜃2 𝑡 = −𝜋 + 𝛼
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Example 2: Inverse Kinematics of Mobile Robot with 

Two Differential-Drive Wheels
 How to transform desired motion in task space into desired motion in joint 

space? (Forward Kinematics + Inverse Kinematics)

Pay attention to these variables and their meanings:

• Angular velocities of two wheels.

• Angular velocity of mobile robot.

• Circular velocities of two wheels due to wheels’ angular velocities.

• Circular velocities at two wheels, which create robot’s angular velocity.
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Solution
 Equations of Wheels:

lrl

lv

l

m

l

l
l
r

F


=
lF

llll mrI   2==

lll rv =

l

l
l
r

v
=

lv
Circular velocity of wheel

Circular velocity at wheel
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Solution (continued)

wX

wY



R

rv

lv










y

x

Rv

R

𝜔𝑅 =
𝑣𝑟

𝑅 − 𝐿/2
=

𝑣R

𝑅

A

B

𝜔𝑅 =
𝑣𝑙

𝑅 + 𝐿/2
=

𝑣R

𝑅

𝑣R =
1

2
(𝑣𝑙 + 𝑣𝑟)

𝜔𝑅 =
1

𝐿
𝑣𝑙 −

1

𝐿
𝑣𝑟

a) Robot rotates about Z axis passing through A:

b) Robot rotates about Z axis passing through B:

c) Circular velocities at wheels, will create the 

     same circular velocity of robot:

 Equations of Mobile Robot: Forward Kinematics

𝑣𝑙 = 𝑟𝑙𝜔𝑙 𝑣𝑟 = 𝑟𝑟𝜔𝑟
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Solution (continued)

wX

wY



R

rv

lv










y

x

Rv

R

A

B

 Equations of Mobile Robot:

Inverse Kinematics 𝑣𝑙 =
1

2
(2𝑣𝑅 + 𝐿 × 𝜔𝑅)

𝑣𝑟 =
1

2
(2𝑣𝑅 − 𝐿 × 𝜔𝑅)

𝜔𝑅 =
𝑣𝑟

𝑅 − 𝐿/2
=

𝑣R

𝑅

𝜔𝑅 =
𝑣𝑙

𝑅 + 𝐿/2
=

𝑣R

𝑅

𝜔𝑙 =
𝑣𝑙

𝑟𝑙

𝜔𝑟 =
𝑣𝑟

𝑟𝑟
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Solution (continued)

 Desired Output of Robot’s Error Control Systems:

wX

wY



R

rv

lv










y

x

Rv

R



















y

x

ሶ𝑥 = 𝑣R cos( 𝜙)
ሶ𝑦 = 𝑣R sin( 𝜙)

ሶ𝜙 = 𝜔𝑅 =
𝑣R

𝑅

𝑣𝑙 =
1

2
(2𝑣𝑅 + 𝐿 × 𝜔𝑅)

𝑣𝑟 =
1

2
(2𝑣𝑅 − 𝐿 × 𝜔𝑅)















 d

d

dy

x



Results from Motion Planning

Input to Control Loops

𝜔𝑙 =
𝑣𝑙

𝑟𝑙

𝜔𝑟 =
𝑣𝑟

𝑟𝑟

Desired Trajectories in Task Space

Control

𝑣𝑙 = 𝑟𝑙𝜔𝑙 𝑣𝑟 = 𝑟𝑟𝜔𝑟
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Outline of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics



242(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

What are the observable variables 

in joint space?

Answer
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Observable Variables in Joint Space

 Positions

 Velocities

 Forces/Torques (related to accelerations)
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Example of Joint Space Control
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How to construct the error control 

systems in robots?

There are two control schemes:

Control with Known Dynamics

Control with Unknown Dynamics
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Outline of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics
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Control with Known Dynamics

 Step 1: We can determine desired motions from desired tasks.

Motion

Planning

Task
d

mq
d

mq
d

mq
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Control with Known Dynamics 

(continued)

 Step 2: We can determine desired torques from desired motions.

)(          

:with

111111

11

d

mrr

d

mrr

d

mrr

d

dd

mrdiagr

d

m

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

+=




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)(          

:with

111111

11

d

mrr

d

mrr

d

mrr

d

dd

mrdiagr

d

m

qKgKqCKKqBKKd

dqKBK

−−−−−−

−−

++=

+=





11 −−  rr BKK

11 −−
rr CKK

)( 11
mrr qKgK −−

d
mq

d
mq

dd

11 −−
rdiagr KBK

d
mq

d
m

d
mq

+
+

+
+
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Control with Known Dynamics 

(continued)

 Step 3: We can determine desired control signals from desired torque.

)}()(){()( sqKsvsGs m
d

ec
d

mm
d −=

)()(
)(

1
)( sqKs

sG
sv m

d

em
d

m

c
d += 
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)()(
)(

1
)( sqKs

sG
sv d

me

d

m

m

d

c
+= 

d
m

)(

1

sGm

eK
d
mq

d
cv+

+
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Control with Known Dynamics 

(continued)
 Step 4: In other words, we can determine desired control signals from 

desired motions at the input.

11 −−  rr BKK

11 −−
rr CKK

)( 11
mrr qKgK −−

d
mq

d
mq

dd

11 −−
rdiagr KBK

d
mq

d
m

+
+

+
+

d
mq

d
m )(1 sTm

−

eK
d
mq

d
cv+

+
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11 −−  rr BKK

11 −−
rr CKK

)( 11
mrr qKgK −−

d
mq

d
mq

dd

11 −−
rdiagr KBK

d
mq

d
m

+
+

+
+

d
mq

d
m )(/1 sGm

eK
d
mq

d
cv+

+

Feed Forward
d
mq

d
mq

d
mq d

cv

Model-Based Prediction

of Control Signal



254(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Control with Known Dynamics 

(continued)

 Step 5: Then, we can use such desired control signals to produce 

feedforward compensation.

Feed Forward
d
mq

d
mq

d
mq d

cv

Model-Based Prediction

of Control Signal

Virtual Robot

Actual Robot



255(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Feed Forward
d
mq

d
mq

d
mq d

cv

Robot Dynamics

Under Control
mq
mq
mqcv

Feed Forward
d
mq

d
mq

d
mq d

cv

Model-Based Prediction

of Control Signal

Model-Based Prediction

of Control Signal

Virtual Robot

Actual Robot
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Control with Known Dynamics 

(continued)
 Step 6: Finally, we can come out the design of the error control system 

with feedforward compensation.

Dynamics under

Control

Feed Forward

Compensation

Feedback

Sensor

y

dy

y

Controller
+

+
+
-

y )(tc

Desired

Output
Actual

Output

qqqy  or ,, be could 
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Robot Dynamics

Under Control
mq
mq
mqcvFeed Forward

Compensationd
mq

d
mq

d
mq d

cv

Position

Sensor

Velocity

Sensor

Acceleration

Sensor

mq

mq

mq

Types of Sensory Feedback
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Example of Joint Space Control
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Outline of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics
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Robot’s Dynamics under Control
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If reduction ratios are big enough,

+
-)(sm

)(sd

rdiagr KBK 1−

s

1

s

1
)(sqm

)(sqm

)(sqm

Treat it as disturbance

MIMO = Sum of SISOs
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Decoupling Dynamics at Torque Joints 

+
-)(sm

)(sd

rdiagr KBK 1−

s

1

s

1
)(sqm

)(sqm

)(sqm

+
-)(, sim

)(sd i

ii

ir

b

k 2

,

s

1

s

1
)(, sq im

)(, sq im


)(, sq im


ni ,...,3,2,1=
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How to Control a Robot Arm with 

Unknown Dynamics?

 Step 1: We start with the independent unknown dynamics at torque 

joints.

+
-)(, sim

)(sd i

ii

ir

b

k 2

,

s

1

s

1
)(, sq im

)(, sq im


)(, sq im


ni ,...,3,2,1=
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How to Control a Robot Arm with 

Unknown Dynamics? (continued)
 Step 2: Then, we get the independent unknown dynamics at power 

joints.

-

im,
+

icv ,

imq ,


)(, sG im

iek ,

ni ,...2,1=
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+
-)(, sim

)(sd i

ii

ir

b

k 2

,

s

1

s

1
)(, sq im

)(, sq im


)(, sq im


ni ,...,3,2,1=

im,

+

icv ,

-

imq ,


)(, sG im

iek ,

ni ,...2,1=
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How to Control a Robot Arm with 

Unknown Dynamics? (continued)
 Step 3: Subsequently, we have the independent unknown dynamics under 

control at power joints.

ii

ii

b

k 2
imq ,



id

imq ,
s

1 imq ,im,icv ,
)(, sG im

iek ,

ni ,...2,1=

s

1
+

- -
+
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ii

ii

b

k 2
imq ,



id

imq ,
s

1 imq ,im,icv ,
)(, sG im

iek ,

ni ,...2,1=

s

1
+

- -
+

Joint Dynamics

Under Control

icv ,
imq ,



imq ,


imq ,

ni ,...,2,1=

(Power Joints)
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Control with Unknown Dynamics 

(continued)
 Step 4: Finally, we construct the independent error control systems at 

power joints.

Joint Dynamics

Under Control

icv ,
imq ,



imq ,


imq ,

ni ,...,2,1=

PID Control 

Law
+

-

Desired 

Output
Errors

MIMO = Sum of SISOs

(Power Joints)
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Example: Position Error Control

imq ,


imq ,

icv ,

ni ,...,2,1=

+
-

d
imq ,

imp ek ,•

dt

de
k

im
d

,
•

• dtek imi ,
+

+
+

imq ,


im

d

imim qqe ,,, −=

Joint Dynamics

Under Control

𝐺𝑐 𝑠 = 𝑘𝑝 + 𝑘𝑖

1

𝑠
+ 𝑘𝑑𝑠

PID Controller’s Transfer Function

(Power Joints)
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Example: Velocity Error Control

imq ,


imq ,

icv ,

ni ,...,2,1=

+
-

d
imq ,



imp ek ,•

dt

de
k

im
d

,
•

• dtek imi ,
+

+
+

imq ,


im

d

imim qqe ,,,
 −=

Joint Dynamics

Under Control

𝐺𝑐 𝑠 = 𝑘𝑝 + 𝑘𝑖

1

𝑠
+ 𝑘𝑑𝑠

PID Controller’s Transfer Function

(Power Joints)
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Example of Position Error Control without Inner 

Velocity Error Control Loop …



272(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example of Position Error Control without Inner 

Velocity Error Control Loop (continued) …

21/  −−
= eM p

𝑡𝑝 =
𝜋

𝜔𝑛 1 − 𝜁2

𝑡𝑠 =
4

𝜁𝜔𝑛

𝑡𝑠 =
3

𝜁𝜔𝑛
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(Power Joint)
(Power Joint)Example of Position Error Control with Inner Velocity Error Control Loop
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(Power Joint)

𝜎 = 𝜁𝜔𝑛

Example of Position Error Control with Inner Velocity Error Control Loop
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Summary of Lecture 4

 Joint Space

 Control Input

 Control Feedback

 Control with Known Dynamics

 Control with Unknown Dynamics
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Outline of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Design, Machine, Control, Intelligence

Control in Task-Space

MA4825 Robotics
Module 4

Lecture 5

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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Outline of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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Robot’s Control Systems

 Hardware Details

Mechanism

Power Joint Sensor
Torque

Joint

Link

Joint
i

iq im,

irk ,

imq ,

Power-Amplifiers

Controller

… …

……

icv ,

iav ,
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Robot’s Control Systems
 Software Details
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Definition of Task Space

 The space, which is defined by the linear and angular positions of end-

effector, is the so-called Task Space. Task

Space
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Example of Controlling Human-Robot 

Interaction in Task Space
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Outline of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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What are the controllable 

variables in task space?

Answer
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How to Measure Controllable Variables in 

Task Space Which Include:

Positions of End-Effector

Velocities of End-Effector

Forces/Torques (related to accelerations)
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Use of Relationship between Task Space and 

Joint Space: Forward Kinematics of Arm

𝑋

𝑌

𝑂

𝑙1

𝑙2

𝜃1

𝜃2
𝑂2

𝑂1

𝑂3

(𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡))

𝑥 𝑡 = 𝑙1 cos 𝜃1 𝑡 + 𝑙2cos[𝜃1 𝑡 + 𝜃2 𝑡 ]

y 𝑡 = 𝑙1 sin 𝜃1 𝑡 + 𝑙2sin[𝜃1 𝑡 + 𝜃2 𝑡 ]



289(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

wX

wY



R

rv

lv










y

x

Rv

R

𝜔𝑅 =
𝑣𝑟

𝑅 − 𝐿/2
=

𝑣R

𝑅

A

B

𝜔𝑅 =
𝑣𝑙

𝑅 + 𝐿/2
=

𝑣R

𝑅

𝑣R =
1

2
(𝑣𝑙 + 𝑣𝑟)

𝜔𝑅 =
1

𝐿
𝑣𝑙 −

1

𝐿
𝑣𝑟

a) Robot rotates about Z axis passing through A:

b) Robot rotates about Z axis passing through B:

c) Circular velocities at wheels, will create the 

     same circular velocity of robot:

Use of Relationship between Task Space and Joint 

Space: Forward Kinematics of Mobile Base

𝑣𝑙 = 𝑟𝑙𝜔𝑙 𝑣𝑟 = 𝑟𝑟𝜔𝑟
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Use of Relationship between Task Space 

and Joint Space: Motion Kinematics
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qJp  •=

mr qKJp  ••= −1
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Use of Relationship between Task 

Space and Joint Space: Robot Statics
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Outline of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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What are the observable variables 

in task space?
Answer
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Observable Variables in Task Space

 Positions of End-Effector

 Velocities of End-Effector

 Forces/Torques (related to accelerations)
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How to achieve sensory feedback 

in Task Space?

 Joint Position Sensors + Forward Kinematics

 Joint Velocity Sensors + Motion Kinematics

 Vision System

 Force Sensors

Indirect

Measurement

Direct

Measurement
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Solution of Using “Sensors + Forward 

Kinematics”

Power Joint

Dynamics

m

mq
mq
mq

cv

eK

)(sGm+
-

Forward

Kinematics

p
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Example of Pick-and-Place Control 

in Task Space
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Solution of Using “Sensors + Motion 

Kinematics”

Power Joint

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

Motion

Kinematics

p
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Solution of Using Vision Systems

s

1Robot

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

1−• rKJ
p

Vision

System

),( pp 

p
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Example 1:

Year 2008
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Example 2:
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Example 3:

 A  vehicle is following a moving target. The 

vehicle’s vision system can measure the 

distances to points A and B of the moving target. 

What should be the trajectories of the vehicle?

 Answer:

 Equation of velocity:

 Equation of steering:

Y
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Experimental Result at NTU
Y

X

),( v

A B
maxD

minD

Year 2000
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Solution of Using Force/Torque Sensors

Robot

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

r
t KJ •−1)(

F

Force/Torque

Sensor

F

Actual Force/Torque

Sensed Force/Torque

𝜏 = 𝐽𝑡 × 𝐹

𝜏𝑚 = 𝐾𝑟
−1 • 𝐽𝑡 • 𝐹

𝐹 = (𝐽𝑡)−1• 𝐾𝑟 • 𝜏𝑚
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(a) Loch Humanoid Robot (b) Loch ‘s Biped (c) F/T Sensor in Foot

6-Axis F/T Sensor

Robot Design with Incorporated 

Force/Torque Sensors
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Example 1:
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Example 2:
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Outline of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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Definition of Unconstrained Motion

 When a robot’s tool tip has no contact with its environment during 

motions, it performs unconstrained motions. 
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Robot’s Dynamics under Control in Task 

Space for Unconstrained Motion Will Be:

Robot

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

1−• rKJ p

ሶ𝑝 = 𝐽 • 𝐾𝑟
−1 • ሶ𝑞𝑚

Ideal Dynamic

Systems
p

cv

MIMO = Sum of SISOs
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Design of Error Control System …

Robot

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

1−• rKJ
p

Vision

System

p

+
-

PID

dp

1−JKr

mq

mr qKJp  ••= −1 pJKq rm
 ••= −1

Error in Task Space

Error in Joint Space

MIMO = Sum of SISOs
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Principle of 

Human-like 

X-Eye 

Coordination 

in Task Space

pYear 1997

Xie M., Fang Yuhui and Lai Tingfeng, 2025, New Solution to 3D Projection 

in Human-like Binocular Vision, International Journal of Humanoid Robotics.

https://doi.org/10.1142/S0219843624500087
https://doi.org/10.1142/S0219843624500087
https://doi.org/10.1142/S0219843624500087
https://doi.org/10.1142/S0219843624500087
http://www.editorialmanager.com/ijhr
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Experimental Verification Achieved in Year 

2007 with the use of Monkey …
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Outline of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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Definition of Constrained Motion
 When a robot’s tool tip has contact with its environment during 

motions, it performs constrained motions. 
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Example of Robot Performing Constrained 

Motions 
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Robot’s Dynamics under Control in Task 

Space for Constrained Motion Will Be:

Robot

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

1−• rKJ p

r

t KJ •−1)(
F

FJK t

rm ••= −1 mr

t KJF ••= −1)(

MIMO = Sum of SISOs
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Design of Error Control System …

Robot

Dynamics

m

mq

mq
mq

cv

eK

)(sGm+
-

1−• rKJ
p

Motion

Kinematics

p

+
-

PID

dp

1−JKr

mq

r

t KJ •−1)(
F

Force/Torque

Sensor

+
-dF

+

Torque Control Loop

Velocity Control Loop

𝑣′𝑐

Error in Task Space

Error in Joint Space

PID

𝐾𝑟
−1 • 𝐽𝑡 Error in Joint Space

Error in Task Space

𝜏𝑚 = 𝐾𝑟
−1 • 𝐽𝑡 • 𝐹
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Example 1 of Robot Performing Constrained Motions 

in Task Space
Year 2008
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Example 2 of Robot Performing 

Constrained Motion in Task Space



321(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Summary of Lecture 5

 Task Space

 Control Input

 Control Feedback

 Control of Unconstrained Motion

 Control of Constrained Motion
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Summary of Module 4 

 Dynamics under Control

 Signal Flow Diagram

 Design of Control Systems

 Control in Joint-Space 

 Control in Task-Space
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Design, Machine, Control, Intelligence

Thank You for Listening!

“Ask not what your country can do for you – ask what you can do for 
your country,” - John F. Kennedy

“Do not think that you are needy – think that you are needed in the 
world”, - Manis Friedman

“Study will make you knowledgeable, resourceful, and hence more 
needed”, - Xie Ming
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